Phase Plane and Bifurcation Analysis of Thin

Wavy Films under Shear

A long-wave equation for film thickness as a function of position is
derived for a general case incorporating viscous, surface tension, and
interfacial shear effects. The derivation considers both the parabolic
and the power-law velocity profiles. The analysis is aimed at revealing
the wave velocity that induces infinitely long (homoclinic) periods as
well as substrate thickness and wave peak amplitude. Phase plane
analysis shows that at Re » 1, due to time-scale separation, the homo-
clinic velocity is near that at the Hopf bifurcation. That enables analyti-
cal derivation of the wave characteristics.

Comparison with experimental results in the range of Re-310-3,100
with countercurrent gas flow, shows encouraging agreement. At very
high Re the wave velocity suggests the onset of turbulence, in agree-
ment with theory. Phase plane analysis predicts also that the wave
shape consists of a simple peak with a steep front, with short waves
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riding on the main wave at low Re.

Introduction

The prediction of wave characteristics of falling liquid films
has been the subject of numerous investigations (Dukler, 1977).
Most studies have focused on free-falling films at low Reynolds
number (Kapitza and Kapitza, 1949; Alekseenko et al., 1985)
and have used linear stability analysis to determine the range of
unstable wave velocities and the mode of the fastest growing
wave. The film is assumed to be sinusoidal, oscillating about its
mean value or even somewhat perturbed from a sinusoidal
shape. This type of analysis predicts the wavelength and velocity
at the conditions of wave inception. The long-wave approxima-
tion (Benney, 1966) considers the limit of very long and shallow
waves that reach constant shape in the frame of a moving coor-
dinate. Again, the wave evolves from the mean film thickness.
Recent nonlinear analysis searched for wave velocities that
induce infinitely long periodic solutions (homoclinic orbits).
These studies were limited to falling films at low Reynolds num-
bers (Pumir et al., 1983) or used a questionable approximation
for the flow condition (Needham and Merkin, 1984). Another
approach, applied at high Re, is to approximate the wave shape
by assuming a sequence of characteristic velocity profiles at dif-
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ferent locations along the wave (Maron et al., 1985). Finally,
numerical solutions of the evolution equation (Bach and Villad-
sen, 1984) did show the existence of constant-shape solitary
waves. Even at Reynolds number of order 10 such computations
are highly time consuming, and problems of numerical instabil-
ity are encountered.

The purpose of this analysis is to present asymptotic solutions
for wave velocities as well as certain dimensional characteristics
of falling liquid films experiencing interfacial shear induced by
gas flow. For this purpose methods of nonlinear analysis are
used. Experiments have shown that at positions well below the
plane of wave inception, two classes of waves exist on the surface
(Dukler, 1977). Large waves can be observed riding on a thin
substrate, with the ratio of peak wave height to substrate thick-
ness ranging from 2 to 4. A second class of waves that are capil-
lary in nature and of much smaller amplitude than the first is
also present. These ride on the substrate and are sometimes seen
on the trailing edge of the large waves. In the presence of gas
flow parallel to the mean surface, interfacial shear is generated
and the wave structure changes but the two wave class structure
can still be seen. At sufficiently high countercurrent gas flow
rates a condition of flooding can be reached where part of the
liquid introduced on the vertical surface flows upward.

For complex problems such as this one, two rather divergent
approaches are available. At low Reynolds numbers an analyti-
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cal method is possible in the vicinity of certain singular points
that can be shown to exist (Chang, 1986). For high Re a dif-
ferent approach is possible if it can be shown that the system is
characterized by two or more widely different time scales. This
paper takes the latter avenue, which has been largely unex-
plored. First we derive the integral momentum equation for the
film under conditions of constant interfacial shear along the
wave. Surface tension effects are incorporated and we assume
alternatively a parabolic (laminar) or a power law (turbulent)
profile. A complete analysis of the parabolic profile case is
developed including interfacial shear while for turbulent flow
the solution is explored only for free-falling films in the absence
of gas flow.

The analysis strategy is then outlined and this is followed by
the development of the solution to the flow equations for the two
profiles, neglecting surface tension. For the parabolic profile it is
shown that the shear makes no qualitative changes in the behav-
ior of the system, having only a quantitative effect on the inter-
facial characteristics. As long as flooding is not induced the
results are similar to those of the free-falling case. This same
conclusion was reached by Zabaras and Dukler (1988) based on
experimental observations. Turbulent flow may significantly re-
duce the wave velocity to a value approaching the mean liquid
film velocity. Then the role of surface tension is explored. In the
absence of surface tension an ordinary differential equation of
the second order is generated and it is shown that the smooth
film (Nusselt) solution cannot be a saddle point. When surface
tension is added, a third-order ordinary differential equation is
generated and every solution may be the saddle point and thus
can be the source of the homoclinic orbit. The analysis of this
complete form of the problem reveals that capillary waves can
exist along the wave and substrate where the profile is flat, in
addition to the large, long waves characterized by the homo-
clinic orbit; this too is in accord with experiment.

Finally, we compare the results with experiments of Zabaras
and Dukler (1988).

The Film Equation

The Navier-Stokes equations are integrated in the direction y
perpendicular to the wall, using both parabolic and power-law
velocity profiles. The work may be extended to higher polyno-
mial velocity profiles by numerical methods. We then apply a
moving coordinate frame and arrive at one third-order equation
for the film thickness.

Parabolic laminar profile

The film flowing downward under interfacial shear, 7, is
described by

1
ul+uux+vuy=_(—Px)+g+V(uxx+uyy) (l)
p
u, +v,=0 2)
subject to
u=v=0 at y=0 3
u, =7/, v=~"h+uh, P=Py—ah, at y=h (4)
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With integration in the y direction, Eq. 1 yields

d rr, oh
2 -ph 4 =
0+ g [wdr-g + = e

v _/(:hu,,,dy+g— 0,0 (5)

with the local flow rate

0- [tudy

0

(6)

Assume a quadratic velocity profile that satisfies the conditions,
u=0aty=0;7/p=dufdyaty=h;and Q(h) = _/;h u dy. This
yields the following distribution function

(M

with n = y/h. Clearly, this equation also describes the distribu-
tion in the undisturbed film (steady state) as well. With this dis-
tribution the following integrals can be evaluated.

b, 6Q* QOrh B (7
dy— 2% S
fo“y5h+2oﬂ+120u

(8)
From Eq. 6 the second x derivative of Q can be evaluated.
0. = hyu(h) + h iu(h)+hu(h)+f"u dy (9)
XX XX Xax XX o XX y

For the parabolic profile the last integral can then be evalu-
ated.

5 30 1r,
dy=Qp— ho|==+ -2
./°~ uXX y Qxx hxx( h + 4 h)

Substituting these quantities into Eq. 5 gives the following equa-
tion for the case of constant shear independent of x.
on

12Q 1 hr 6Q?
Q'+Q"(5 K20 u)J’h’(_EZ"J”zou

1dP A 30 37\ oh
_(g_pdx)h+y(»/()- u,,,dy-——hz——{—E;)—i-?h,u (11)

h? 72
T2

with j(; h u,, dy defined in Eq. 10. The integral of the continuity
equation is
QO+ h =0 (12)

Thus Egs. 11 and 12 are two equations in k and Q as dynamic
variables and x and ¢ as independent variables. In a coordinate

Vol. 35, No. 2 AIChE Journal



frame moving with the wave velocity, c, set

0=t E=x—ct (13)

and the mass conservation condition then becomes
hy—chi+ Q=0 (14)

The momentum balance, Eq. 11, can be modified by substitut-
ing Q) — cQ; for Q,, and 8"/3%" for 3"/dx". We make now two
important assumptions:

1. The waves propagate without change in shape; thus in a
moving coordinate system, @ = hy ~ 0. Integration of Eq. 14
yields

Q-ch=K (15)

where Q is the volumetric flow rate at any location £ along the
wave.

2. The integration constant, K should satisfy the steady state
solution with A = h, and Q = Qp, the liquid feed rate. Thus X =
Qr — ch,. By integrating the velocity distribution over the
steady state film thickness we find that

3

g1y (16)
3y

Or =

with the dimensionless shear T = 31,/2pgh, Note that Eq. 16
may have more than one real solution for A, given Qr and 7, as
discussed in detail by Maron and Dukler (1984). Substituting K
calculated from the steady state solution, Eq. 15 becomes

g-}él il (H-1)] -— =— (17)
Q:- 3’,( + )[ +n - ’ = > —Q

where n is the wave velocity made dimensionless in respect to the
average velocity. Substitution of Eq. 17 into the momentum bal-
ance, Eq. 11, yields an ordinary third-order differential equation
describing the change of dimensionless film thickness, H, with
dimensionless length I = £/L. The length scale, L, and dimen-
sionless parameters are defined as

hoRe Qp g
Re == = 22 PG

18
1+T v (18)

The resulting equation is

&H’Hy + & [C,(H)Hy, — C(H)H])
+ (1 + TCH)H, + Co(H) =0 (19)

where

2TW(1 + T)!'P 27(1 + T)
Y -

In this development the dimensionless shear stress 7; is assumed
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to be independent of the position along the wave / and the coeffi-
cients are:

Co=(H-VD[H>—(T+ )(n-H-1)]

cl=_5’f(H_ Jgﬂ)(,th &= 1)

5 - -
'W(lT%ZT)(Z"H+1“”+1Tf;)

C2=HB(”_1)_%}!—%1_H£-TT

6= - 1IiTT (20)

These equations apply for downflow of liquid with counter-
current gas flow (g > 0, 7, < 0, —1 < T < 0) or cocurrent flow
(g>0,7,> 0, T> 0) as well as for upflow where x or / is positive
in the flow direction (g < 0, , > 0, T = —1); the inequality,
T < —1, follows from the requirement that O, be positive in Eq.
16.

A schematic representation of the relation between T and A,
as deduced from Eq. 16 appears in Figure 1 for constant Q.
Downflow with countercurrent shear takes placefor -1 = T <0
(band B in the figure). However in the range —3% < T < 0 the
velocities are directed uniformly downward at all ocations in
the film. For T = —3/; the profile is symmetric, with zero velocity
at the interface, and when —1 < T < —3%, downward-directed
velocities exist near the wall, with upward velocities near the
interface. Band A4 in Figure 1 represents concurrent downward
flow while band C displays the behavior for concurrent upward
flow. In these bands, for the range — 1.5 < T < —1, the velocity
profile is again not monotonic. For more negative values of T
uniformly upward flow exists in the film. 41 7= — 1.5 the wall
shear is zero and the upward motion of the liquid is driven by the
interfacial shear only. The existence of these different patterns
of velocity distribution was discussed by Maron and Dukler
(1984) and their existence confirmed experimentally by Zaba-
ras et al. (1986).
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Figure 1. Solutions to steady state film thickness equa-
tion.
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Turbulent profile in the absence of shear
For turbulent flow, the film velocity profile can be expressed
in a power law form:

u =(_1L‘22,,1/a @n
o h

We find

2 2
f"uzd 0+ @
[

A
T2t a) h -[udy:Q 22)

The integral momentum equation then becomes:

1 + a)? QQ2ch — Q) Ty
hs(-cz+a(2+a) K’ )=gh_—p
+ vhy (c _U+a —hQ-) Yot (23)
Q—-ch=0,—ch, (24)

For turbulent flow the wall shear stress 7, cannot be approxi-
mated from the velocity profile and correlations are needed. As
shown below, this has no influence on the dimensionless wave
velocity but does change the mean film thickness and conse-
quently the dimensional velocity. From the Blasius relation

LUt o T== (25)

where the friction factor at the wall, A, is estimated from single-
phase flow models.

A 1/4

i 0.056 (Q/v)!/ (26)
When this relation is substituted into Eq. 24 for the flat film, we
find

h
) _ 0.21 Re'l4 @7
o{lam)

In the application of Eq. 23 at high flow rates the value of «
can be expected to vary along the wave. At the substrate the
local flow rate is low, turbulence is suppressed, and the qua-
dratic law will apply. In the thicker portions of the wave near the
crest, turbulent behavior will result in increased values of a.
Methods for accounting for this flow direction variation in «
have not yet been fully implemented. As a first approximation
we use a constant value of « for the dynamic analysis of the
momentum equation.

Strategy of Dynamic Analysis

The dynamic equation for the film thickness, Eq. 19, contains
four parameters, Re, W, n, and T, which are to be specified as
input variables. Even though the slopes of the waves are known
to be small it is not possible to simplify the equation by neglect-
ing the H), and H), terms since these quantities are necessary to
the stability and dynamic analysis that follows. Define the fol-
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lowing dimensionless term

4/313,5/3
3=€_2(1+T)2=(_1i_M (28)
3 w
When § is large the inertial forces are large compared to the sur-
face forces and the first term in Eq. 19 can be neglected.

The steady state solution of Eq. 19 is the space-independent
(H, = Hy = Hy = 0) solution of Cy(H) = 0. The qualitative
nature of these solutions is shown in Figure 2 for different
ranges of 7. The unperturbed film (H = 1) is always a solution
but there is always a range of velocities # for which it is not sta-
ble. The other two solutions, for any 7, form a parabolic branch
n=H*/(1 + T) + (1 + H) whichintersects H = latn = (3 +
2T)/(1 + T) and acquires a turning pointat H = — (1 + T)/2,
n = (3 — T)/4. The parabolas for upflow, Figure 2a, and down-
flow, Figure 2b, open in opposite directions. The range of values
of n over which the H = 1 solution is unstable can be determined
from linear stability analysis. Specifically, there will usually
exist a (Hopf) bifurcation point, which is the value of » at which
a transition to periodic behavior takes place and oscillations are
observed in the frame of a moving coordinate; that is, waves
propagate along the film in the physical system. The H—n dia-
gram for T = 0 showing the nature of the various states as deter-
mined by linear stability analysis is shown in Figure 3. As the
waves grow, their velocities vary in the direction of lower »
(more unstable). The waves form a family of closed curves (limit
cycles) in the phase plane (H, vs. H) or phase space (Hy, H, H)
and these closed curves increase in area as the waves grow in
amplitude along the film in the coordinate direction. These
waves have a peak such that H > 1 and a substrate thickness
H < 1. As the wave grows the substrate becomes smaller. At the
condition where the substrate thickness is equal to that of the
saddle point the wave can grow no more and its velocity will not
change. In the phase plane the largest possible wave will be
formed when the limit cycle hits a saddle point forming a homo-
clinic curve. This curve provides the asymptotic amplitude of the
wave and the corresponding velocity, n,. Further change in n
cannot take place since this results in the elimination of the
oscillations. The wavelength of this form is infinite since the
motion takes place in the vicinity of the saddle point, which is a
steady state, and thus is infinitely long. The saddle point satis-
fies the steady state solution Cy(H,) = 0.

The purpose of the nonlinear analysis is to determine the loca-
tion, n,, and form of the homoclinic curve (also termed saddlie-
loop bifurcation). That is possible analytically only in two
cases:

1. In the small neighborhood of higher order singularities
such as when Hopf and saddle-node bifurcations coalesce. Then

p @ () \ (<)
H=1 /
H=1
or /
14T

- T>-1 -1>T>-3 -3>T

- 1
0 3T 3427 n n n
P T

Figure 2. Variation of steady state film thickness with n.

a. Downflow; b, ¢. Upflow
Coordinates for limit points in (b) and (c) same as in (a)

AIChE Journal



UNSTABLE
H| sapbLe SPIRALS  centER
POINTS ‘ (HOPF)  STABLE NODE
OR FOCUS
| ] SYESSpROU WpNIPEPPUIEI f¢ — 4—{_
-
-
”
-
- \ SADDLE POINTS
ol -
<—STABLE NODE
..1 -
i L 1 A L
0 1 1.5 2 2.5 3 n

Figure 3. Changes in the nature of the steady states.
Determined from linear stability analysis for 7 = 0 and negligible
surface forces

an=nm;bn<ny
chen—hydn>n,

the oscillations are infinitesimally small and can be described by
perturbation of the linear solution.

2. When the system is characterized by different time
scales.

We capitalize here on the latter property.

The dynamic analysis of Eq. 19 requires working in the three-
dimensional phase space, H, H,, H,. However many of the es-
sential dynamic features of the system can be discerned by
analyzing the phase plane H, H, Equation 19 reduces to this
problem for high Reynolds numbers when 8 — «. Thus the pro-
cedure will be to first analyze the simplified system in the phase
plane for both laminar and turbulent flow. Then the analysis
will be generalized for cases where 8 is not large.

Laminar Film Flow for 8 — «
In the case W = 0, Eq. 19 can be written in the form

eCwy = ~(1 + TV’Cw — Gy + 6CW = f(H, w) 30)
Linear stability analysis requires the determination of the eigen-
values of the Jacobian matrix d(w,f/eC,)/3(H, w) at the
steady state H = 1, w = 0. The matrix is then

0 1
J=\ 5 f 31
€2C2 €2C

and the state may destabilize by one of two ways:
1. A Hopf bifurcation to periodic behavior occurs at

I7]>0  (32)

The state is unstable for C,(1)/C,(1) < 0, or from Eq. 20 with
T-0,

3 n 6+ n
2 s 7

5 (33)
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2. Exchange of stability from H = 1 to the H # 1 solution
occurs when

dc,
J-_dn _ D) o _ 9%
71 0; GCou(1) dH(l) (34

yielding # = 3 when T = 0, that is, at the intersection point of the
two branches. These transitions are observed in Figure 3 where
the unstable branches are marked by broken lines.

Oscillations (waves) exist for a certain range of 7 as shown in
Eq. 33. We show now that when ¢, = 27 (1 + T)*/Re* — O the
wave velocity at the homoclinic orbit is very close to that at the
Hopf (n, — ny). Note that ¢, does not affect the stability bound-
aries, Eq. 32, but it affects the behavior in the phase plane. From
Eq. 30, with T = 0 and when the small ,C;w? term is ignored,
the direction of the motion (slope in the H — H, plane) is

2

b 5= H)H + How — (H ~ D(H ~ H)(H ~ H)

¥

n
ewH > (~H + Hy)

S(H,w)

= 35
Gy )

where H,; are the roots of Cy(H) = 0 with H, and H; defined
from Eq. 20 after setting T = 0.

H,;=—-05=% yn - 0.75

n-—1
H,= V6

_3(n—— 1)
h n

H; (36)

Since ¢, is small, dw/dH — = everywhere in the phase plane
except when the numerator vanishes. At this condition of f= 0

w = G~ DU — H)(H — By -

'—}(H — H)(H + H,)

The shape of the w vs. H curves resulting from this expression
are dependent on the velocity, n, since H,_s are functions of #.
Figure 4a shows the solution of Eq. 37 at n = ny = 1.689, Eq. 33.
H =1 is one branch of the solution for all w since H, = 1 atn =
ny. The second branch crosses this H = 1 branch and intersects
the abscissa at H;. We have already shown that for any point in
the phase plane the trajectory must be vertical except near the
f = 0 curves. Thus all trajectories starting at H < 1 flow toward
the second branch except for those that originate in the immedi-
ate vicinity of the H =~ 1 line. Along the curves the trajectory
must be horizontal. As the f'= 0 lines are approached the trajec-
tory must move along the f = 0 curve and increasingly close to it
in direction. This direction is indicated in the usual way by
heavy arrows on the solution branches. The sign of w; is an indi-
cator of the direction of the vertical trajectories. As seen in Eq.
30, this direction changes as f(H, w) passes through zero. Simi-
larly, the sign of H, is an indicator of the direction of horizontal
motion. Eq. 29 shows that this direction changes as w passes
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Figure 4. Phase-plane analysis of two-variable model.
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through zero. Equation 35 shows that trajectories cannot cross
the H = H, boundary since at this point C,(H) = 0 and a discon-
tinuous change in the direction of motion occurs. When this
begins to happen the surface tension terms neglected here
become important. Thus waves that initiate from the smooth
film cannot achieve an amplitude greater than Hs.

Solutions of Eq. 37 for n < nyand n > nyappear in Figures 4b
and 4d. In the latter case the steady state, = 1, is stable and all
trajectories in its vicinity are attracted there. For n < ny in Fig-
ure 4b, the steady state at H = 1 is unstable and all trajectories
escape to infinity. Of particular interest is the case where n —
ny, illustrated in Figure 4¢c. The Hopf theorem indicates that a
limit cycle surrounds the unstable state, H = 1, near the condi-
tion for a Hopf bifurcation. Thus the situation appears as shown
in Figure 4c for n somewhat less than n,. Periodic oscillations
wind out in a spiral from its origin at H = 1 and gradually grow
in amplitude until they disappear in a homoclinic orbit at H;.

Now it is possible to deduce that the value of n, at which this
takes place must be negligibly different from n; when ¢, is small.
Under these conditions the trajectories are almost vertical, and
the limit cycle must be narrow in the H direction and long in the
w direction. If the two branches of the f = 0 curve are far apart,
as they are when n is significantly lower than ny, the trajectories
can readily escape to infinity. As ¢, increases, the trajectories
continue to flow toward the left branch of the f = 0 curve but
now they can travel a short distance, ¢,, away from these curves.
The separation distance between the two f = 0 curves increases
as n, — ny. Thus for the trajectory to move from H = 1 on one
branch of f = 0 to H; on the other requires that n, — ny be of the
order of ¢,, a small number under the experimental conditions of
interest here. Thus we conclude that n, = ny.

Pictures of the developing waves can be arrived at by ana-
lyzing the trajectory in the phase plane, as shown in Figure 5.
The initially flat interface (a) displays small sinusoidal waves at
the point of wave inception (&) with the wave velocity, n = ngy =
1.689, Eq. 33, at this condition. But the condition is unstable and
the spiral unwinds around H = 1 to become a homoclinic orbit at

= n, in close proximity to ng. In its homoclinic orbit the mini-
mum or substrate wave amplitude is H; = 0.47 (Eq. 36 for n =
ng). H then increases rapidly at the front of the wave with high
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Figure 5. Qualitative sketch of wave profile.

slope, w. As it approaches its peak amplitude the slope drops to
zero. The peak cannot exceed Hs = 1.25. Then the sign of the
slope changes and along the back the wave tapers more slowly
down to the substrate thickness, H,.

The existence of countercurrent shear does not change this
qualitative picture, modifying only the wave characteristics.
Steady states are linearly unstable when C,(1)/C,(1) <O or

s 6 22s  41s°
+ =+ — = +—= (38
TR 1+24+ 55 (38)

Wl N

<h<Nyg=

3 s
2+2

where s = T/(1 + T). The upper root of C,(1) = 0 is ny and this
is the solution of

_”_2[1_6(”_ l)2]-ls—()(1+n+s)=o (39)

5 n

The other stability boundary, J = 0, occurs at n = 3 — 5. A map
of the linear stability appears in Figure 6 for downflow with
countercurrent (s < 0) or cocurrent (s > 0) shear. The relative
positions of the three boundaries are identical to those for the
free-falling film problem. They intersect at s = 1, n = 2, which
does not correspond to any physical situation (T"— xe). For
upward flow (T < —1, 5 > 1) the relative positions of the three

Stable Unstable
Uptlow Node
1
Cacurrent Unstable
—~ Downflow Saddle
-
o
-
b Counter
L Current
] Down cou(q).o
» _ Flow h=d—s
Smooth Film
Stable
-2
c, (=0
“=“H
_3 — 1 1
1 2 3

Figure 6. Stability map for smooth film in the presence of
shear for two-variable case.
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bifurcations are interchanged. The phase plane analysis for
downflow with countercurrent shear is analogous to the T = 0
case. At n = ng, H = 1 is a solution for any w and the /= 0 curve
acquires the shape of Figure 4a. Changing n modifies the dia-
gram in a similar fashion and we conclude again that a homo-
clinic orbit must exist close to ny with the same general shape as
in Figure 5. The substrate height, A, and the limiting wave
amplitude, Hj, are given by

=—1 + V1 4+ 4ng - D1 —3)
2(1 - 5)
-1+ VP +12n -1

Hs = 40
5 5 (40)

H,y

This analysis shows the following behavior of the system for
downflow with countercurrent shear

1. The wave characteristics depend on the shear parameter,
T (ors)

2. The wave velocity, n, which approximates the velocity at
the Hopf bifurcation, varies weakly with T (or s), taking on val-
uesof 1.69at T=0(s=0),1.5atT= - (s = —1),and 1.75 at
T —Y%(s=-3)

3. The maximum wave amplitude increases markedly with
countercurrent shear since H increases as s becomes more neg-
ative

Extension of the analysis to upflow shows that the relative
positions of the bifurcation points, Figures 2, 6, are arranged in
a mirror image to the downflow case and the conclusions are
thus similar for cocurrent flow. However the existence of multi-
ple values of the equilibrium film thickness for any shear stress
and flow rate as discussed above raises these additional issues:

1. Either one or both of these solutions may not be stable

2. The location of the turning point at n = (3 — T') /4 may be
outside the domain where oscillations can exist

Turbulent Film Flow

The analysis of Eq. 19 for laminar film flow presented above
showed that C,(H = 1) = 0 is a necessary condition for instabil-
ity (see also Figure 6). Note that C, is the coefficient of H,, the
slope of the wave in dimensionless form, and A = 1 is the condi-
tion for the smooth film, & = A, Q = Q. For turbulent flow the
same condition can be shown to exist. Thus, the coefficient of the
dimensional slope, A, in Eq. 23 must be zero, resulting in the
following relation for the dimensionless wave velocity.

(1 + «a)?
—n* + 2f(a)n — f(@) =0 f(a)=m 41)
or
n=fle) + Vf(f=1) (42)

This result is independent of the particular form of the correla-
tion used for the wall stress. At high flow rates, as the flow
becomes more turbulent « increases and n approaches 1.0. Thus
for a velocity distribution that follows a 4th power law, n =
1.14. It should be noted that such low values of the wave velocity
cannot be predicted from any laminar distribution but have been
observed experimentally for high flow rates, Eq. 12.
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Laminar Films with Surface Forces: General Case

When surface tension effects are retained in the modet a gen-
eral form of Eq. 19 can be written as follows where w = H, and
¢ = Wy

_fHW — oCb  g(H, w,9)

¢’ oH? oH®

(43)

where w = H;and ¢ = w; and f(H, w) is defined in Eq. 30. The
Jacobian matrixat H = I, w=¢ =0 is:

0 1 0
0 0
J= : (44)
Con(1 C(l
_ on( ) _ a(1) _ 2C2(1)
€ € €

The characteristic equation, |J — AT |=0,is

=0 (45)

2 1 2,
)\3 + G—CZ(I))\Z + ( + T) CI( )>\ + COH(I)
€ €

€

and its roots are the eigenvalues that determine the stability.
Applying Routh-Hurwitz stability criteria reveals that H = 1 is
stable (A}, A, A; < 0) if the following three conditions are satis-
fied

(a) Cou(1) >0

(b) Ci(1) >0

© Cor(1) _ (1+ T)2C;(1)C2(1)52 -0 (46)

€ €

Condition (a) is the exchange of stability, described earlier, and
it implies n < 3 — 5. Condition (b) is also unchanged, requiring
n> (3 + s)/2. Hopf bifurcation occurs when condition (c) is
violated and the bifurcation points depends now on the ratio of
the viscous to surface tension terms. It reduces either to the pre-
vious Hopf condition (C; = 0) when ¢,/¢;, — = or to condition (a)
when ¢,/¢; — 0. Substituting the relations for the C;(H), Eq. 20,
we find that Hopf bifurcation (n = ny) occurs at

(1 + T)¥’Re™?

d W

_ B3-s5s-m10 47)

(n—z—-s-)[—an-i- 12(n — 1)* — s(1 + n + 5)]

2 2

The nature of the steady state is shown in the (8, n) plane of
Figure 7 by denoting the sign of the three eigenvalues. Limit
cycles may exist in the range (3 + §)/2 < n < ngand the order of
the various points is unaffected by changing 7 for downward
flow.

Analysis of the trajectories in the three-dimensional space
(H,w, ¢) is more intricate than the two-dimensional version.
The structure of the analysis follows. We investigate the shape
of the g = 0 surface, Eq. 43, in the phase space to show that it
attracts the motion and ask: is the motion along it stable? It
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Figure 7. Stability map for generai case.

turns out that it is unstable in certain sections. We find the sta-
ble and unstable manifold and construct the trajectory in space.
The steady state H = 1 may be the origin of the homoclinic
orbit. It has a stable one-dimensional (i.e., a line) manifold and
an unstable two-dimensional (surface) manifold along which
the motion spirals. These spirals yield the capillary wave and are
evident only with relatively small Re (¢, /¢, large). After it spi-
rals out, the trajectory travels in the vicinity of H; so that the
dimensionless value of the film thickness is still a good approxi-
mation for the substrate thickness.

The slopes of the trajectories can be found readily from Eq. 43
to be:

dp g do¢ g

dH ™ ¢Hw dw  ¢H'¢

(48)

Note that ¢, — 0 except for the lowest Reynolds numbers.
Therefore the slopes of the trajectories in both the ¢ — H and
¢ — w planes are steep everywhere in the phase space except
where g — 0 or when the first and second derivatives of the wave
profile, w and ¢, are large. Data show that these derivatives are
everywhere very small indeed. Therefore we now explore the
region around g = 0.
From the definition for gin Eq. 43, wheng =0

_JHw) )

&C,(H)

For ¢, = 0 this implies that f = 0, a sitnation that was explored
earlier. This can be pictured as a cylindrical surface in the phase
space perpendicular to the w — H plane. Figure 8 shows f = 0
curves for a sequence of values of n as determined from Eq. 37.
The case for n = 1.69 appeared earlier in Figure 4a where it was
shown that the crossing of the abscissa marks the location of Hj,
the substrate height. Note that when n = 3 the value of H,
becomes identical with the smooth film thickness, a condition in
agreement with the experiment.

Figure 9 pictures the cylindrical surface, g = 0, in the phase
space ¢, w, H for ¢, = 0. When € is small but not zero the surface
is tilted somewhat. All trajectories starting from any point in the
phase space not on g = 0 rapidly approach this plane since
3¢ /dH and d¢/dw are large. This is evident from Eq. 48 for the
condition e — 0. Once the trajectory reaches the g = O surface it
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n=1.69

1 H

Figure 8. Family of f = O curves in w—H plane.

can be described by the relations

H=w w=9¢=fC(H) (50)

This is identically the two-dimensional model developed ear-
lier, but the question of stability at any position on the surface
must still be explored.

Suppose H, (1), w,(1), ¢,(!) is the solution to Eq. 43 along g =
0 with perturbations from this motion H =~ H(I) — H,(I), w =
w(l) — w,(I) and é = o(1) — ¢,(1) described by

H=% W=0¢ aH'¢-gull +8W+g6 (51)
Assume that perturbations in H are small and grow slowly so
that gy = dg/dH can be averaged, and (gy), (g.), and {(g,)
replace the original time-dependent gy, g,, g,. The motion is sta-
ble if the trivial solution of Eq. 51, H = ¢ = W = 0 is stable, that
is, if the eigenvalues are all negative. We do a stability analysis
similar to that leading to Eq. 46 to find the stability condition

(gu)  (8){gw)
- - <0
aH? H 52)
$
g
H
i
|
! P
| /‘T‘
| |
! |
| |
] |
e I
d \\\‘\ | /
s N~ I
Y
/, //]
Figure 9. g = 0 surface in phase plane.
AIChE Journal



Figure 10. Trajectory of limit cycle.

5al . o

or

6_1}}_3 dH \C, dH|r0

An analysis of this equation shows that the transition occurs at
H = 1. The section H < 1 is stable and is the stable manifold
near H = 1. The motion around H > 1 is unstable and the trajec-
tory oscillates around the line f = 0.

We now describe the motion in the vicinity of H = 1 with n ~
ny. The stable manifold is the portion of the curve f = 0, denoted
aa in Figure 10, that connects the H; and H = 1 solutions,
denoted ABC. Its trajectory flows toward the steady state. At
n = ny (Hopf point) there is a pair of imaginary eigenvalues and
one negative eigenvalue:

(1 + T)’C(1)

A= - 2Cz(l): Ay = ii( ) = zid (54)
€

€

The oscillations develop or decay with a period of ~(¢/
C,(1)'/2. Since C,(1) ~ O(e,/e;) short periods of O(+e) are
expected when the surface tension is important, while when sur-
face tension effects are negligible the period is of O(e;). The
eigenvectors that correspond to these imaginary eigenvalues
were calculated to be ¢ = 8>(H — 1) and ¢ = +idw; they define
the unstable manifold. We note however that 8> — «w as ¢, — 0 or
e,— 0. Thus 82(H — 1) is finite only for H = 1. The plane # = 1
is thus a good approximation for the unstable manifold. For n
somewhat smaller than ng, A\, does not change significantly,
while \,; = ¥ = . The frequency is of order & "/* or &5/ as
before and ¥ is the amplitude growth rate, which is small for
high surface tension and large at the other extreme. For
extremely small values of (n,; — n) a limit cycle exists and it lies
close to the H = 1 plane. Further increase in (ny — n) will break
the cycle and the trajectory is detached from the plane and
moves fast toward the stable manifold (f = 0). The resulting
motion in Figure 10 shows a closed curve composed of a spiral-
ing motion on H ~ 1 followed by a loop that travels around H;.
In the time domain we find small capillary waves whose number

Table 2. Measured Conditions Along Flooding Curve

T; ¢ h:
Re N/m? -T —s cm/s n cm
15 3.29 0.9778 44.1 353 11.4 0.017
25 3.28 0.9662 28.5 43.8 9.05 0.0215
43 3.32 0.9237 12.1 50.0 6.29 0.024
63 3.49 0.9041 9.4 58.2 5.31 0.026
78 3.25 0.8906 8.1 61.6 3.60 0.029
109 3.59 0.8722 6.8 56.0 3.20 0.030
189 3.80 0.8309 4.9 86.9 3.14 0.037
298 3.98 0.7702 3.35 96.36 2.56 0.042

Table 1. Wave Characteristics of Free-Falling Film (T = 0)
n Substrate
hy Qxhy ¢
Re B mm cm/s cm/s Meas. Theory Meas. Theory

78 1.18 028 282 68 2.58 2.46 0.8 0.75
192 026 039 503 105 2.14 2.10 0.72 0.72
387 008 050 768 120 149 1.77 0.66 0.62
778 0.025 0.63 127.0 140 1.10 1.70 — 0.47
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varies like ¢, /¢,, Figure 5. The trajectory disappears when it hits
H,, which is still a good approximation for substrate thickness.

This analysis of the general third-order equation showed
again that ng and H, are good approximations for wave velocity
and substrate thickness, respectively, but that the wave shape
differs from that of the second-order model.

Comparison with Experiments

Experimental data on wave structure on falling liquid films
with counterflow of gas were recently presented by Zabaras and
Dukler (1988). These data are used here to evaluate this
model.

Free-falling film

Equation 47 with s = 0 can be used to determine 7y, the
dimensionless wave velocity at the Hopf bifurcation, and this
can be compared with the experimental values to test the conclu-
sion of the phase space study that this must be close to the veloc-
ity of the homoclinic orbit and thus to experimental data. Simi-
larly, Eq. 40 provides a value of H,, the minimum possible film
thickness computed from the theory. This can be used to com-
pute the substrate thickness, which can be compared with the
data. These comparisons with the data of Zabaras and Dukler
(1988) appear in Table 1; surprisingly good agreement is dis-
played considering the difficulty in experimentally determining
the substrate thickness. It should be noted that the Reynolds

16 T T T e e L T
14} .
\\

12 \ R
10 \ -
Theory Eq. 38 Theory Eq. 47

n
8-
(13
O Data
41
2 B I T T 1 1 A1 I '
3 5 10 50 100 300

Re

Figure 11. Theory-experiment comparison for wave ve-
jocity along flooding curve.
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Figure 12. Theory-experiment comparison for substrate

thickness along flooding curve.
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numbers in this work are defined as one-fourth those in the
Zabaras and Dukler paper.

At Reynolds number above about 300 turbulent flow is
thought to set in, the shape of the velocity profile changes, and
the wave velocity would be expected to decrease, as discussed
earlier.

Film with countershear

A severe test of the model is a comparison with data taken
under the condition of interfacial shear due to counterflow of
gas. Table 2 lists some original source data taken from the thesis
of Zabaras (1985) during experiments along the flooding curve.
Note that in accordance with theory the value of the dimension-
less interfacial shear, T, is never less than — 1. However at low
liquid rates it approaches it closely. Figure 11 compares the
experimental values of n with ny caiculated from the simple
form of the equation in the limit 8 — 0, Eq. 38, and from the
general analysis, Eq. 47. The comparison is most encouraging,
especially considering the fact that when T'— —1, the com-
puted value of s = /(1 + T) used in both of these equations is
extremely sensitive to small errors in 7.

Not quite so satisfactory a comparison is shown in Figure 12.
Here the dimensionless thickness calculated from Eq. 40 is com-
pared with the dimensionless substrate thickness. The experi-
mental values of s and n were used as input to these calculations.
The error bars on the result due to the sensitivity of s to errors in
T at the low flow rate is indicated. However it is still clear that
the theory is not quite accurate enough in this region. We sus-
pect this deviation is due to the assumption that the interfacial
shear stress is independent of position along the interface and
thus is the same over the substrate as it is over the wave itself.
Experiments suggest that this is not the case and we are now
exploring revised models which incorporate shear stress varia-
tion along the wave.
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Notation

C; = functions, Eq. 20
¢ = dimensional wave velocity
D = pipe diameter
fo. /1 = parameter in 1, correlations, Eq. 58
f, g = functions, Egs. 30, 43
h, H = dimensional, dimensionless film thickness
h,, hy = smooth film solution with, without shear
J = Jacobian matrix
! = dimensionless coordinate £/ L
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L = length scale h,Re/(1 + T)
N = wave number
n = dimensionless wave velocity ch,/Qr
ng, n, = n of the Hopf and homoclinic saddle-loop bifurcations
P = pressure
Q, Qr = local and feed liquid volumetric flow rate
Re = Reynolds number, @/v
s = modified shear parameter /(1 + T)
T = dimensionless interfacial shear, 3 7;/2 pg h,
t = time
U; = linear gas velocity
u, ¢ = liquid velocity parallel, perpendicular to wall
w=dH/dl
W = surface tension parameter, Eq. 18
W, Wi = gas, liquid mass flow rate
X, y = coordinates in direction parallel, perpendicular to wall

Greek letters

a = exponent in power law profile, Eq. 21
B = ratio of time scales, Eq. 47
v = kinematic viscosity
p = density
7, = shear at interface
o = surface tension
n = dimensionless coordinate, y/h
p = viscosity
0, £ = time, distance in a moving frame
€, & = dimensionless time scales in terms Hy,, Hj;, defined fol-
lowing Eq. 43
¢ =d’H/dP
A = eigenvalues of Jacobian matrix

Subscripts

x, y, H, etc. = derivative with respect to denoted quantities
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